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A generalization of Weierstrass' }-function
to quasi-abelian varieties
Yukitaka Abe and Atsuko Kogie
Abstract. Zappa constructed a @-closed (n ¡ 1; n ¡ 1)-form on an
abelian variety which can be considered as a generalized Weierstrass'
}-function. We extend this result to a quasi-abelian variety of kind
0.
1. Intoroduction
Let ¡ be a discrete subgroup of Cn with rank ¡ = 2n. Zappa contructed
@-closed ¡-invariant (n¡ 1; n¡ 1)-forms }ij on Cn with singularities ¡. He
showed that these forms are considered as a generelization of Weierstrass'
}-function for they have the following property ([9]):
If A := Cn=¡ is an abelian variety, then for any positive divisor £ given by
a theta function µ, we haveZ
£
}ij(z ¡ p) = ¡ @
2
@zi@zj
log µ(~p) + cij ;
where cij is a constant independent on p 2 An£ and ~p 2 Cn is a point on
p.
In this paper, we construct such forms for a toroidal group X and show
that they have a similar property if X is a quasi-abelian variety of kind 0.
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2. Cohomology of a punctured toroidal group
A toroidal group is a connected complex Lie group X with H0(X;O) =
C, where O is the structure sheaf on X. It is known that a toroidal group
is commutative. Then it is considered as a quotient group Cn=¡ of Cn by a
discrete subgroup ¡ with rank ¡ = n+m (1 5 m 5 n). When m = n, it is
a complex torus. We treat of non-compact toroidal groups, then n = 2 and
1 5 m < n. Any toroidal group X = Cn=¡ has the canonical projection
¼ : Cn ! X. Let 0 be the unit element of X. We can take a neighbourhood





¼jU° : U° ! V
is a biholomorphic mapping, where U° is a polydisc with center °. Applying
the theorem of Mayer-Vietoris to X = V [(Xnf0g), we obtain the following
cohomology exact sequence
0! H0(X;O)! H0(V;O)©H0(Xnf0g;O)! ¢ ¢ ¢ ! Hk(X;O)!
Hk(V;O)©Hk(Xnf0g;O)! Hk(V nf0g;O)! ¢ ¢ ¢ ! Hn¡2(V nf0g;O)
! Hn¡1(X;O)! Hn¡1(V;O)©Hn¡1(Xnf0g;O)! Hn¡1(V nf0g;O)
! Hn(X;O) ! Hn(V;O) © Hn(Xnf0g;O) ! Hn(V nf0g;O) ! 0:
When rank ¡ = n+m, the toroidal group X = Cn=¡ is strongly (m+ 1)-
complete. Then we have
H i(X;O) = 0 for i = m+ 1:
Since n = 2, we have
H0(Xnf0g;O) = H0(X;O) = C:
Furthermore we have
H i(V nf0g;O) = 0 for i 6= 0; n¡ 1
(Lemma 2 in [4]). Substituting these results to the above exact sequence,
we obtain the following proposition.
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Proposition 1. For a toroidal group X = Cn=¡ we have
H i(Xnf0g;O) »= H i(X;O) for i 6= n¡ 1;
Hn¡1(Xnf0g;O) »= Hn¡1(X;O)©Hn¡1(V nf0g;O):
3. Representation of Hn¡1(V nf0g;O)
Let N0 := f0g [ N. For a multiindex ® = (®1; : : : ; ®n) 2 Nn0 we set
j®j := Pni=1 ®i and ®! := ®1! ¢ ¢ ¢®n!. We denote 1 = (1; : : : ; 1) and ±i =
(±i1; : : : ; ±
i
n) 2 Nn0 , where ±ik is Kronecker's delta. Let z = (z1; : : : ; zn) be









(dz)j := dz1 ^ ¢ ¢ ¢ ^ cdzj ^ ¢ ¢ ¢ ^ dzn
for j = 1; : : : ; n and
dz = dz1 ^ ¢ ¢ ¢ ^ dzn;
where cdzj means that dzj shall be omitted. We use the similar notation for
(dz)j and dz.
The cohomology groups H i(X;O) of a toroidal group X were completely
determined in [6] and [5]. Then we can understand those of a punctured
toroidal group Xnf0g if we know Hn¡1(V nf0g;O) (Proposition 1). We
note that
Hn¡1(V nf0g;O) »= Hn¡1(U°nf°g;O)





j 6=k d((zj ¡ °j)®j )³Pn
j=1 jzj ¡ °j j2®j
´n
for any z = (z1; : : : ; zn) 2 Cn and ° = (°1; : : : ; °n) 2 ¡. Any element of




c®Ã®+1(z; °) with limj®j!1
j®jpjc®j = 0
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by the Dolbeault isomorphism (Lemma 4 in [4]). We denote by B"(°) an
open ball centered at ° with radius " > 0. Let S"(°) = @B"(°) be its












for any holomorphic function f on a neighbourhood of B"(°) (see Proposi-







(z; °) for ® 2 Nn:
Zappa [7] showed that Ã®+1¡'® is @-exact, hence Ã®+1 and '® determine
the same cohomology class in Hn¡1(U°nf°g;O). We can write '®(z; °)
explicitly as follows
(2) '®(z; °) =
(j®+ 1j ¡ 1)!
(n¡ 1)!(®+ 1)!
Pn
k=1(¡1)k(®k + 1)(zk ¡ °k)®k+1
V
j 6=k d((zj ¡ °j)®j+1)³Pn
j=1 jzj ¡ °j j2
´j®+1j :
4. De¯nition of }ij
Lemma 1. Let ¡ be a discrete subgroup of Cn with rank ¡ = n+m. Then
the series
P
°2¡nf0g k°k¡¸ converges for ¸ > n+m.
Proof. Take generators °1; : : : ; °n+m of ¡. For any i 2 N0 we set
¡i := fa1°1+¢ ¢ ¢+an+m°n+m; a1; : : : ; an+m 2 Z; jaj j 5 i (j = 1; : : : ; n+m)g:
The number of elements of ¡in¡i¡1 is given by
#(¡in¡i¡1) = (2i+ 1)n+m ¡ (2i¡ 1)n+m
= 2((2i+ 1)n+m¡1 + (2i+ 1)n+m¡2(2i¡ 1) + ¢ ¢ ¢+ (2i¡ 1)n+m¡1):
Since
(2i+ 1)n+m¡j(2i¡ 1)j¡1 5 22(n+m¡1)in+m¡1
for j = 1; : : : ; n+m, we have
#(¡in¡i¡1) 5 An;min+m¡1;
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where An;m = 2(n+m)22(n+m¡1). Let k be the distance of the boundary of
the parallelotope given by ¡1nf0g from the origin. Then we have k°k = ki




























The argument in [7] is valid in our case. We obtain the following propo-
sition by the same way as the proof of Proposition 2 in [7].





converges uniformly on compact subsets of Cnn¡. Therefore it is a @-closed
¡-invariant (0; n¡ 1)-form on Cnn¡.
Proof. Take any ½ > 0. Suppose that kzk 5 ½ and z =2 ¡. Since











we see that the absolute value of the coe±cient of (dz)k in '®(z; °) for ¯xed
k is estimated from above by
(j®+ 1j ¡ 1)!j®+ 1jn
(n¡ 1)!(®+ 1)!
Qn
`=1 jz` ¡ °`j®` jzk ¡ °kj
kz ¡ °k2j®+1j :
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For all ° 2 ¡ except a ¯nite number of elements, we have k°k > 2½. Since
kz ¡ °k > 12k°k for such a °, the above estimate is further bounded by
(j®+ 1j ¡ 1)!j®+ 1jn
(n¡ 1)!(®+ 1)! 2
j®j+2n¡1k°k¡(j®j+2n¡1):




converges by Lemma 1. This shows that the series (3) converges uniformly
on compact subsets of Cnn¡. It is obvious that "®¡ is @-closed and ¡-
invariant.





By the de¯nition of "®¡ the following equality is obvious
@
@zk






}i¡(z) = ¡(±ik + 1)"±
i+±k
¡ :
For the sake of simplicity we write }i(z) = }i¡(z) omitting ¡. From (1) we
see that }i(z) has the following property:










f(z)}i(z ¡ a) ^ dz;
where a 2 Cn and " > 0.






j¡1}i(z) ^ (dz)j ;
where X is a toroidal group.
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While }i(z) is a @-closed (0; n ¡ 1)-form on Cn with singularities ¡, it
is ¡-invariant. Then we can consider it as a @-closed (0; n¡ 1)-form on X
with a singularity 0. Let p 2 X and ~p 2 ¼¡1(p). If we write }i(z¡ p), then
it is considered as a form on X. And if we write }i(z¡ ~p), then it is a form
on Cn. We treat }ij and other ¡-invariant forms and functions in the same
manner.
5. Quasi-abelian varieties of kind 0
Let X = Cn=¡ be a toroidal group with rank ¡ = n+m (1 5 m 5 n¡1).
We take generators °1 = (°11; : : : ; °1n); ¢ ¢ ¢ ; °n+m = (°n+m;1; : : : ; °n+m;n)
of ¡. Then the matrix
P =
0BB@
°11 ¢ ¢ ¢ °n+m;1
...
...
°1n ¢ ¢ ¢ °n+m;n
1CCA
is called a period matrix of X. By a suitable change of variables and







where Ik is the unit matrix of degree k, the matrix (Im T ) is a period
matrix of an m-dimensional complex torus, and (R1 R2) is a real matrix.
We say that coordinates in the expression (6) are toroidal coordinates.
The condition H0(X;O) = C is written in the terms of (R1 R2) (see [1] for
details). We write the toroidal coordinates as
z = (z0; z00) = (z1; : : : ; zm; zm+1; : : : ; zn):
In the following we use these coordinates. Let Rn+m¡ be the real linear
subspace of Cn spanned by ¡. Then
Cm¡ := Rn+m¡ \
p¡1Rn+m¡
is the maximal complex linear subspace contained in Rn+m¡ , which is of
complex dimension m. A toroidal group X is called a quasi-abelian variety
if there exists a hermition form H on Cn such that
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(a) H is positive de¯nite on Cm¡ ,
(b) the imaginary part A := ImH is Z-valued on ¡£ ¡.
A hermitian form H satisfying the above conditions (a) and (b) is said to be
an ample Riemann form for X. We set A¡ := AjRn+m¡ £Rn+m¡ for an ample
Riemann form H. Since A¡ is an alternating form, we have
rank A¡ = 2(m+ k); 0 5 k 5 12(n¡m):
In this case we say that H is of kind k. If a quasi-abelian variety X has an
ample Riemann form of kind k, then it also has an ample Riemann form of
kind k0 for any k0 with k 5 k0 5 12(n¡m). Then the kind of a quasi-abelian
variety was de¯ned as follows in [2].
De¯nition 2. The kind of a quasi-abelian variety X is the smallest integer
k with 0 5 k 5 12(n¡m) such that there exists an ample Riemann form of
kind k for X.
Let X = Cn=¡ be a quasi-abelian variety of kind 0. Then the matrix
(Im T ) in (6) is a period matrix of anm-dimensional abelian variety A. The
projection z 7! z0 induces a (C¤)n¡m-bundle ¾ : X ! A over A. Replacing
¯bres (C¤)n¡m with (P1)n¡m, we obtain the associated (P1)n¡m-bundle
¾ : X ! A over A. We say that X is the standard compacti¯cation of a
quasi-abelian variety X of kind 0.
6. Positive divisors
Let X = Cn=¡ be a quasi-abelian variety of kind 0. We take generators
°1; : : : ; °n+m of ¡ such that the period matrix P = (°1; : : : ; °n+m) is of the
form in (6). For any j = 1; : : : ; n¡m, we set
vj := (±
m+j
1 ; : : : ; ±
m+j
m+j¡1;
p¡1±m+jm+j ; ±m+jm+j+1; : : : ; ±m+jn ):








tjvj ; si; tj 2 R:
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tjvj ; ¡ 12 < si <
1
2
(i = 1; : : : ; n+m);
tj 2 R (j = 1; : : : ; n¡m)
)
:
We denote an (n ¡ m)-tuple of positive numbers R1; : : : ; Rn¡m by R =
(R1; : : : ; Rn¡m). Let R and R0 be two (n¡m)-tuples of positive numbers.
Then
DR;R0 := Cm£
f(zm+1; : : : ; zn) 2 Cn¡m;¡R0j < Imzm+j < Rj (j = 1; : : : ; n¡m)g
is a subdomain of Cn. Since the period matrix P of X is of the form in
(6), ¡ acts on DR;R0 for any R and R0. Then we can de¯ne a subdomain
XR;R0 := DR;R0=¡ of X. Let XR;R0 be the closure of XR;R0 in X. We denote
QR;R0 := Q \DR;R0 and (@Q)R;R0 := @Q \DR;R0 ;
where @Q is the boundary of Q in Cn.
Let £ be a positive devisor on X. It determines a holomorphic line
bundle L = [£] over X. It is well-known that L is given by a factor
of automorphy ½(°; z). A system of local de¯ning functions fµig of £
corresponds to an automorphic form µ for ½(°; z), that is, µ is an entire
function on Cn satisfying
µ(z + °) = ½(°; z)µ(z)
for all z 2 Cn and ° 2 ¡. We note that if X is an abelian variety, then µ is
a theta function. A ¯bre metric of L gives a positive valued C1 function
h on Cn such that
(7) ! = hjµj2
is a C1 function on Cn with period ¡. Then ! is considered as a function
on X. It follows from this property that
(8) log h(z + °) + log j½(°; z)j2 = log h(z)
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for all z 2 Cn and ° 2 ¡. For a positive divisor £ we set
£R;R0 := £ \XR;R0 :
7. Formula on a subdomain
LetX = Cn=¡ be a quasi-abelian variety. Suppose that £ is a generalized
theta divisor, that is, it is a positive divisor of which factor of automorphy
½(°; z) is the exponent of a linear polynomial. We take a point p 2 X with
p =2 £. Let ~p 2 ¼¡1(p). We can take a fundamental parallelotope Q of X
such as ~p is an interior point of Q. Let B be a small open ball centered at
p such that @Q \ ¼¡1(B) = Á. We denote by T an open neighbourhood
of £ with piecewise di®erentiable boundary such that T \B = Á. For any
two (n¡m)-tuples R and R0 of positive numbers, we set
TR;R0 := T \XR;R0 ; (@T )R;R0 := @T \XR;R0
and
ER;R0 := @XR;R0n(@TR;R0n(@T )R;R0);
where @XR;R0 and @TR;R0 are boundaries of XR;R0 and TR;R0 in X respec-
tively. We take a C1 function ½ on X with 0 5 ½ 5 1 such that ½ = 1 on
T and ½ = 0 on B.
Proposition 3. We haveZ
£R;R0















@ log! ^ (½¡ 1)}ij(z ¡ p);
(9)
where µ, h and ! are functions as in the previous section.
Proof. We ¯rst note that the current on XR;R0 determined by £R;R0 is
extended to a linear functional on the space of C1 (n¡ 1; n¡ 1)-forms on
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XR;R0 since XR;R0 is compact. Furthermore, the Poincar¶e-Lelong equation


















h@ log!; @½ ^ }iji ¡
Z
XR;R0
@@ log h ^ ½}ij
!
:
Since @@ log jµj2 = 0 on XR;R0nTR;R0 , ½ = 1 on T and ½ = 0 on B, we obtain












@@ log h ^ ½}ij ¡
Z
ER;R0




@ log! ^ }ij :




@@ log h ^ ½}ij =
Z
TR;R0




@@ log h ^ ½}ij :












@ log! ^ }ij +
Z
TR;R0




@ log! ^ ½}ij
!
:
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By Stokes' theorem we haveZ
XR;R0n(B[TR;R0 )




@ log! ^ }ij ¡
Z
(@T )R;R0
@ log! ^ }ij ¡
Z
@B
@ log! ^ }ij :








@@ log h^}ij +
Z
@B
@ log! ^}ij ¡
Z
ER;R0
@ log! ^}ij :










@@ log h ^ }ij +
Z
@B




@ log! ^ (½¡ 1)}ij
!
:
We set B0 := ¼¡1(B)\Q. By (8) it is obvious that @@ log h is ¡-invariant
for £ is a generalized theta divisor. Then we haveZ
XR;R0nB
@@ log h ^ }ij =
Z
QR;R0nB0




@ log h ^ }ij ¡
Z
@B0
@ log h ^ }ij :




@ log! ^ }ij =
Z
@B0
@ log! ^ }ij =
Z
@B0
(@ log h+ @ log µ) ^ }ij :
By the de¯nition (5) of }ij and the property (4), we haveZ
@B0













A generalization of Weierstrass' }-function to quasi-abelian varieties 27




@ log! ^ }ij =
Z
@B0




Thus, substituting (16) and (18) in (15), we ¯nally obtain the desired equal-
ity (9).
8. Main result
Let R = (R1; : : : ; Rn¡m) be an (n¡m)-tuple of positive numbers. When
R1; : : : ; Rn¡m ! +1, we simply write R ! +1. In the previous section
we have given the formula (9) on a subdomain XR;R0 . A passage to the
limit as R;R0 ! +1 implies the main formula.
We assume through this section that X is a quasi-abelian variety of kind
0 with the standard compacti¯cationX and £ is a generalized theta divisor.
Proposition 4. If £ has the holomorphic extension £ on X, then }ij(z¡p)
is integrable on £ and we haveZ
£
























@ log h^}ij(z¡ ~p):
Proof. By the assumption, the function ! and the ¯bre metric fhig which
gives h are extendable smoothly to X. Moreover we can take a neighbour-
hood T of £ whose closure T in X is a tubular neighbourhood of £. Then
coe±cients of @ log! are bounded on a neighbourhood of (XnX)n(TnT ).





We obtain the following explicit representation of 'i(z; °) by a straight
calculation






j=1 jzj ¡ °j j2)n+1
:
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Then the absolute value of any coe±cient of 'i(z; °) is estimated from
above by n=kz ¡ °k2n. Therefore, considering the de¯nition (5) of }ij(z),
we see that the absolute value of any coe±cient of }ij(z) is bounded by the
following series multiplied by a constantX
°2¡
1
kz ¡ °k2n :






Since ¡ ½ Rn+m¡ and




there exists M > 0 such that
k(z0;Rez00)k 5M
for any z 2 QR;R0 and any (n¡m)-tuples R;R0 of positive numbers, where
we write Rez00 = (Rezm+1; : : : ;Rezn). Let ~p = (w0; w00) be the representa-
tion of ~p in toroidal coordinates. If we set
¡0 := f° 2 ¡; k(w0;Rew00) + °k 5 2Mg;
then ¡0 is a ¯nite set. For any z 2 Cn and ° 2 ¡ we have
kz ¡ °k2 = k(z0;Rez00)¡ °k2 + kImz00k2;
where Imz00 = (Imzm+1; : : : ; Imzn) and kImz00k2 =
Pn¡m
j=1 jImzm+j j2. For
any (n¡m)-tuples R and R0 of positive numbers, we set R0i := minfRi; R0ig




2. We may assume that R and R0 are so large that
kImz00 ¡ Imw00k = 1
2
kR0k
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for all z 2 @QR;R0n(@Q)R;R0 . Then we have
kz ¡ ~p¡ °k2 = k(z0;Rez00)¡ (w0;Rew00)¡ °k2 + kImz00 ¡ Imw00k2




k(w0;Rew00) + °k2 + 1
4
kR0k2
for any ° 2 ¡n¡0 and any z 2 @QR;R0n(@Q)R;R0 . Therefore the absolute










(k(w0;Rew00) + °k2 + kR0k2)n
1A
on @QR;R0n(@Q)R;R0 , where C is a constant independent on R and R0. If
R;R0 ! +1, then R0 ! +1 andX
°2¡0
1



















@ log! ^ (½¡ 1)}ij(z ¡ ~p)! 0 as R;R0 ! +1:
Next we rewrite the second term in the right-hand side of (9) in Propo-
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@ log h ^ (½¡ 1)}ij(z ¡ ~p)! 0 as R;R0 ! +1:













log h ^ }ij(z ¡ ~p) ^ dz:
Since £ is a generalized theta divisor, h is the exponent of a polynomial of







(ajkzk + bjkzk) + cj :
Without loss of generality we may assume that the fundamental parallelo-















jsij 5 12(i = 1; : : : ;
b`; : : : ; n+m);¡R0j 5 tj 5 Rj(j = 1; : : : ; n¡m)¾
for ` = 1; : : : ; n+m. If we set
F§` :=
½










jsij 5 12(i = 1; : : : ;
b`; : : : ; n+m); tj 2 R(j = 1; : : : ; n¡m)¾;





log h(z + °`)¡ @
@zj
log h(z) = cj`:
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On the other hand, }i(z¡~p)^dz is the same on two opposite faces F+` (R;R0)
and F¡` (R;R





log h}i(z ¡ ~p) ^ dz = cj`
Z
F¡` (R;R0)
}i(z ¡ ~p) ^ dz:
The absolute value of any coe±cient of }i(z)^dz is bounded from above
by the series
P
°2¡ 1=jjz ¡ °jj2n multiplied by a constant. From a similar
argument as above it follows that }i(z ¡ ~p) ^ dz is integrable on F§` andZ
F§` (R;R0)
}i(z ¡ ~p) ^ dz !
Z
F§`
}i(z ¡ ~p) ^ dz as R;R0 ! +1:


















@Q @ log h ^ }ij(z ¡ ~p) in (19) is a constant
independent on p.
Proof. It is su±cient to show that the integralZ
F¡`
}i(z ¡ ~p) ^ dz
is independent on p.
Let H` := ¼(F¡` ) be the real (2n ¡ 1)-dimensional hypersurface of X
determined by F¡` . We haveZ
F¡`
}i(z ¡ ~p) ^ dz =
Z
H`




We take a di®erent point q 2 X which does not lie onH`. We denote byDp;q
the subdomain of X surrounded by H` ¡ p and H` ¡ q. For any (n ¡m)-
tuple R of positive numbers we set Dp;q(R) := Dp;q \ XR;R, Hp(R) :=
(H` ¡ p) \XR;R and Hq(R) := (H` ¡ q) \XR;R. Let E+p;q(R) and E¡p;q(R)
be two components of @Dp;q(R) \ @XR;R: Then we have
@Dp;q(R) = Hp(R) [Hq(R) [ E+p;q(R) [E¡p;q(R):
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By Stokes' theorem we haveZ
Hp(R)
}i(z) ^ dz ¡
Z
Hq(R)
}i(z) ^ dz +
Z
E+p;q(R)







d(}i(z) ^ dz) = 0:
From the same argument as in the proof of Proposition 4, it follows thatZ
E§p;q(R)
}i(z) ^ dz ! 0 as R! +1:
Hence we obtain Z
H`¡p




which completes the proof.
Combining Proposition 4 with Lemma 2, we obtain the following theo-
rem.
Theorem 1. Let X be a quasi-abelian variety of kind 0 with the standard
compacti¯cation X. Let £ be a positive divisor on X given by a holomorphic
function µ on Cn. If £ is holomorphically extendable to X, then }ij is
integrable on £ and we haveZ
£
}ij(z ¡ p) = ¡ @
2
@zi@zj
log µ(~p) + cij
for any p 2 Xn£, where ~p 2 ¼¡1(p) and cij is a constant independent on
p.
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